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Reduction to radial parts
e G=G,=GL(n,R), K = K, = O(n): maximal compact subgroup of G
o N=N, ={(zi;) € Gy | xsi = 1,2;; =0 (i > j)}: maximal unipotent subgroup of G
e G = NAK: Twasawa decomposition with A = A,, = {y = diag(y1y2 - Yn Y2 Yn,---»Yn) | yi > 0}

[ ’L/JR(t) = exp(27n/—1t) (t S R), ’(/}N(.”L') = ¢R($12 + -4 xnfl,n) (,T = (LEU) c N)

e (m, H;): irreducible admissible representation of G

o C*(N\G,¥n) ={f € C*(G,C) | f(zg) = ¥n(x)f(9),V(z,9) € N x G}

Iy :={® | ® e Homy g)(Hr x, C*°(N\G,¢¥n)), ®(v) is of moderate growth (v € Hy i)}
e W(m,Yr) ={®(v) | ® € Zr y,v € Hr r}: Whittaker model of =

o (m,Hy), (n', Hy): irreducible admissible generic representations of G,11, Gy
o (7,V;), (7', V;): irreducible representations of K,, with K,,-embeddings ¢ : V, < W(m,¥Rr), ¢’ : Vor < W(x', wﬁl)

Lemma 1. For W € W(r,¢r) and W' € W(r',¥g") we set

2wy [ w (T ) Walden g g
NG

Forv eV, and v € V., we have

2550, ¢/(0) = At / o (V1) @D eyl 250)

if T =T (contragredient of T), and Z(s, (v ) 2 (v ) = 04f 7' 2 7. Here {v;} is a basis of V; and {v;} is its dual
basis of Voo = Vi and §(y) = [[1= 11 yz(n /2
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Explicit formulas for GL(2, R)-Whittaker functions

o ™= D, : discrete series of G (v € C,l € Z~o)

e \cZy

D ( (2) V(Z) Cuy @ Cu_y) € K with Kp-action T)(\Q) (cosfy st vy = eV=1a0y,, T)(\Q)( vy =v_g (g € {£A})
o Ky = {1,det} U{r(®) | X € Z0}

e Dipyli, = @10007'1(3)1%1

Proposition 2. There exsits a Ko-embedding ¢ : l+1 — W( w1, YR) (€ € {£1}) whose radial part is given by

: v ! —5
P (V1)) (diag(y1yz, y2)) = 0c s - y1/ 43 o F 1“c S+V+2)y1 ds, (' € {x1}),

where fs is a vertical line from Re(s) —+/—100 to Re(s) + +/—1oo with the sufficiently large real part to keep the poles
of the integrand on its left.

Explicit formulas for GL(3, R)-Whittaker functions

o 7 =1Indp, , (D@, 1) ¥ X(1,,5)): generalized principal series of G'3 (v1,v2 € C,l € Z+o,0 € {0,1})
o )\ = ()\1,)\2), A € Zzo, Ay € {0, 1}

e Py = {degree A} homogeneous polynomial in 2, 29, 23}

e K3 acts on Py by (Tr(k)p)(21, 22, 23) = (det k) 2p((21, 22, 23) - k), k € K3, p € Py

o (7, (3) V(S)) € K3: quotient representation of Ty on V( ) = = Py/(21 + 23 + 23) Px_(2,0)

) S)\—{m (ml,mg,mg) (Zzo)g |m1—|—m2+m3—/\1} )

e {u), = image of 2" 23"* 23" under Py — V)ES) | m = (mq, me, m3) € Sy}: generator of V)f?’

° {vq := image of ((sgnq)z + \/—1z2)‘q‘z§,\17‘q‘ | =X <¢< )\1}~ basis of V>\(3)

50 sin .
o rf’) (fgfne cos 0 ) vy = eVl (3) (diag(e1,e2,€3))v) = eP2g)2te ’\1+’\2+qv§‘152q (e; € {£1})
07'/\ |K2Ndet>‘2@@ (2), ()Bvi —)UizGTi)

i=17Ti
3 3 . . .
o g, = T((IJZL(S) ® T((lJ227175) e @;2, m(i) ((lJZ1+i,6(i)) with () =0 + i+ 1 (mod 2) and m(i) > 2 (multiplicity)

Theorem 3. [1] There exists a Ks-embedding ¢ : V((li)l 5 W(m,Yr) whose radial part is given by

Ks-injection

o(up,) (diag(y1y2ys, y2v3,y3)) = (V=1)" """ y1y5(yoys) > T2 - ———— QFF / / m(51,82)y; "'y, 7 dsidss,

where

Te(si+vi+ LTR(s1 +vo +mi)le(se — vi + L)Tr(s2 — 1o + mg)

F =
m(81782) FR(sl + 89 + My +m3)



Computation of archimedean zeta integrals for G3 x Go
o m=1Indp, , (D,,1) ® X(1s,5)), @ = Dy with I > 1/
oV, = Vl§2 1= Cupy1 ® Co_gryy

¢ p: V;Ei)l = VD, 5= Wi, UR)

ogp’:V,Jrl—)W( ,¢R)

Theorem 4. [2] For v,v' € Vﬁ)l, we have
/ o /

-1 l
We(s+v +v + )I‘c(s+1/2+1/'—|—§).

/ I+1
Z(s.p(0), 9(0) = (0, 0) (VD T To(s 4o + 0/ +
(outline of proof) We have

Z(s) = Z(s,p(v),¢'(v') = —3/2 2s—1 Y1 dy2

@(vr 1) (diag(y1y2, y2, 1))@ (v 41)) (diag(yry2, y2))ys ' v; v 1

. ’ 7/ U'+1 ’ l/+1_- .
Since (21 + v/ —1zg)  t12470 = Zjio (¢ ;‘1)\/—1 T84 1 Mellin-inversion implies that

, . l il U'+1
Z(s) = w\/—iﬁl ZHFC(QS +u v+ 2+ §)FR(28 +2n + 20 +1-1) Z ( + >
- J
]:O

Fe(s—t+vi+ HIR(s—t+a+j l’
/ C S %1 ) R(S 1] ]) 'Fc(t+yl+7)dt.
277«/ FrR(Bs —t+2vy +vo+ 20 +j+1-1) 2
Substituting ¢ — ¢ + j and using the formula

m

Z (?)Fc(a+j)rc(b —J)= Fe(@)le(b - m)Fc(a—l—b)7

=0 IFc(a+b—m)

we know that

Spp— l Tc(s+v +v/ + 55
Z(S):M 7]_2l bl F (2S+I/1+I/2+2V + )FR(28+21/1+2V +l l) C(S i v i l’2 )
2 Fe(s+vi +v + 5= —1)

Tr(s—t+wv)lct+v + )Fc(s—t—&—yl—l—%—l’—l)
zw\f/ Fr(Bs —t+2vy +vo+ 20 +1—1')
From the formulas I'c(s) = I'r(s)I'r(s + 1) (duplation formula) and
FrR(t+a)Tr(Et+DIR({E+)TR(—t+d)TR(—t+€)
47rf/ TrR(t+a+b+c+d+e)
_ Trla+dI'r(b+d)I'r(c+d)I'r(a+e)Tr(b+e)Tr(c+e)
~ Tr(a+b+d+e)lr(atc+d+e)lr(b+c+d+e)

(Barnes’ second lemma), we can get the assertion. O

dt.

dt

e Barnes’ frist lemma:
I'r(a+c)l'r(a+ d)Ir(b+ )IR(D+d)
Ir(a+b+c+d)

I t-l- F t+0o)l t+c)'r(—t+d)dt =
o [ TR TR+ DR+ TR (1 +d)
Remark 1. The case I’ > [:

o E;; € gl(3,R): matrix unit

IS Z-o, Dy = C—span{E)\ = (E23 — \/—1E13) E_\ = (E23 +V— Elg) } C U( (3, C))
e D, V/\(Q) as Ky-module (adjoint action on D)) via ELy <> vy

o« 0V o Vi @ VE SWir um), ¢ Vi o W uRh)
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