p-ADIC L-FUNCTIONS FOR GLy,

) 1t

1. NOTATION

1.1. Algebraic group. G,, T, GL,,/Q 2% 7. B, T\, Un, Zm C G, We,, %, ZNZ N _L=A115,

MNALTH, BT, T DT, G, D Weyl BEE TS, m=2n DL Z X, BATFEEKT 3.
=G, x G, EBOVT, G =Gy ITHAIZHIDIAL. ¥R T2 ED 5!
Ip = {A = (aij) € GLQn(Zp);CLZ‘j = 0 mod p (l > ])} .

By G = Gui=1,....20) 1L, v=(v,...,10,) EEWVT,

SRR o
V(( E))HW(E‘)
tzn =1

LEDD. 05 T, B@modulas?a@é:?’%. HARINCIE, = (|- 72| P2t ] P
EHZ6N5. 5 x : Gy — Gy ITRL, x(9) = x(det(9))(g € G )&75><

Q OREFAULD—2% Q EHhE, QD C, ~"DILDAAZ —D[EET 5. C, Dl |- |, % |p|, = p~*
LIERALL, L’C‘ﬁb?’:iﬂ&)ﬂ_\?ﬂ:i 5 QA DHFIRS |-, £»K. £ CLC, DL LTORED
[E L TEL.

1.2. Automorphic representation. (, V) % G(A) DEERIRFINRBIRILE L, w, 2 7 DL iR
£9%. (wy lF, unitary EIRET %.) ROWEHZEZ 5:

(Coh),, To I FAFREVT—NEHI m = (Mmy,...,ma,) ZFD. T%DL YV, Z GR) D7 =4 b m
DARRITBEAIEBL L §5 & &, KDY 37D:
o ' g, K2, Vil @ Ve, ) 2 Homies (V4 (8/0), Vi Ve ) # 0 (K2, = SOm(R)R.,

g = Lie(GL2,(R))c, t = Lie(K3 ) & B\ 7);
emy>my > >my, >0T, K1 <i<nlZNL, moppi—s = —my.
ELIZm=(0,...,0) D & &IZ, (Coh),.. 0 & (Coh) &<
(Unr) m, (&, AU (ZDEZ, N2 v = (vy,...,v00) (v : QF = CUIATI (i = 1,...,2n)) ZH

W, 1, = dSeky £ B)
(Sha) %, (n,7)-Shalika &Rl Z K>, (5 : QX\AX — C* X, wy = " E%Ta =, 7 Q\A/Z — C~
%, 7(x) = exp(2mv/—12)(z € R) & 75 545EE.) (Shahka B DEZIZ, 3 i)

Remark 1.1. n = 1 D&, BS k OIEAIRAERICE, 250 —WES (E-1,1- 5 2557 5.

Lemma 1.2. ([AG94, Lemma 1.3]) « (%, (Unr), (Sha) Z{ii7c 9 &35, L2 ATEIE v - QF —

C*(i=1,...,2n)) %ﬁﬁmf,npglndgaéy K. ZDEE, HEATUEERn : QF — CBFEL
T, RO LD

vi=nu, L, (i=1,...,n).
(Coh), (Unr), (Sha) Ziii7= ¢ 7 I L, ROFMZ2HEZ 5:

(Ord) 7, = Indg(gu BB, b, n, EROGM RS T
e % 1<i<nITNLT, [vpyilp), =p 2.

Remark 1.3. (Coh), (Unr), (Sha), (Ord) ZIKET 2. A€ Q%

)\ = (5%V((1 ) (Hp (2nt1-2(n+1)) > HVn+z p% H VnJri(p)

EBLE N pEREL £ % o, =F, €7, & Hecke fFHIFEVH D, N ZZDMEEEE % 5.



2. MAIN THEOREM
Theorem 2.1. ([AG94, Proposition 2.4], [AG94, 2.5]) (Coh), (Unr), (Ord), (Sha) Z{RET 5. F7-
Wroo =1 2. CDEE WYL e VITNL, ZX 10D C, EHE = py, BMFEL T, X277
o % (HIRMIE) FIE v : QX\A* — QX (Xoo = 1,condy = p¢) ITXf L,

1
| X(@dula) = Cup x LG, 7920 X By )
z;

72721 Chpoo, E(Tp, Xp) ERTHZ 615 (dk 13, G, D Haar M, Z.(s, 0oo, X) DEFITXE):
Crpi=p 2 (1—p " x4(Wg,) 'vol(dk, {A € M,(Z,); (A mod p) is unipotent.}),

n

1 [T = vipp=)(1 = v i()p2) (e=0),
Cnpoo —Can ( y Poos 1), E(ﬂ'p,Xp) = =1 2 ! n
N (e 0Om@™)" (e >0)
Remark 2.2. (i) [AGH4] TiF, —~MOREIE LD GLy, T, EM21EZRL TS,
(i) £7% (Ord) 75:5'5&)f’ e “weakly ordinary” ([Ge, Definition 2.8]) Z (wOrd) &2><. TD&
Z, [Ge] TlE, #FHK LD GLy, I L, n DA FER Y —INEI m ZFi 5, {KE (Coh),,,

(Unr) (wOrd) (Sha) Z2iii7= 9 & &, 21 2R L TV 5.
(iii) (Coh), (Unr), (Ord), (Sha) Zii7z 3 = DHIIZE, [AGI4, Section 4], [Ge, Section 5] IZZEF 54T
W5,
(iv) i, BIEECH B T & &, KDEFT (Non) 1 [FIfH:
(Non) & %EF p° @ﬁﬁﬂﬂﬁfﬁaﬁx Q\AX — C* W3, fFEL T, L(5,m,x) # 0.
[Ro84, Theorem| 12 & D, n=1D & ZF, 5&fF (Non) IFiii7 I 5.

3. SHALIKA MODEL

3.1. Generality. m = ®m, Z GL,(A) DEEIRFNRHERI L 2. £/ OPLER w, 25, H 5
n:QN\NAX > C* T,w, =" tNFB LT 3.

Definition 3.1. (i) p € VL IRL, S7(p) : G(A) - CEZRTERT %:

s = o af axe(t R () wreeon o)

S1(m) = (S1(p);p € m)c EB L. w2 “(Sha) (n, 7)-Shalika B %2 & D7 L, (7)) #£0 &%
LLEZV).

(i) v2 QDHRERKET 5. HNBE N, : V,, > C T, R2JWiTHDZE L %:

sharu) el () (4 )0 = m@nieCom©.

E781(\)G(Q,) » CERTEET 5:
ST () = Au(mo(R)E).

S (my) = (ST (Xy); Apl, (ShaFun) 272§ )c & B <. m, 4% “(Sha,) (1, 7)-Shalika B 2 %
D7 X, S (m,) A0 BB ESEI RV,

Remark 3.2. 53" 1) (7)) W = nla)rConszae)

Definition 3.3. ¢ € V,, filf x : Q*\A* - C* I L, RZED 5:

1y _11s—1
Z(s,0,X) :/ d91d92/ de((g1 ))x(91921)n Y(g2)g195 2.
Z(A)H(Q)\H(A) Mo (Q)\M(A) 92

FLBFERvITNL, m, B3 (n,, 7,)-Shalike B 2 £FORf, H, € S (m,) I L, RZ2ED 5:

Z(S’H”’X”):/G,l@v)dgﬂv((g” 1n)> SO



Proposition 3.4. (i) ([FJ93, Proposition 2.3]) Re(s), D3PI RE V& E, Z(s,0,x), FIPCEL, H
BRI TEERE S 11D, S 512, Re(s) > 0D & &, R D 32!

2e= [ EIE G IO

(i) ([FJ93, Proposition 3.1]) Q D&F i v 1K L, (ShaFun) %372 973824 2 SPEEE N, - V,, — C
7173‘&50,(7 Zv(sv S’Zf()‘v)a Xv) = L(S’WMXU)'
(iii) ([FJ93, Proposition 3.2]) v BWHERF KT, 7, BIATMED & Z | (i) ZHi72 T N\, 1, \(1a,) = 1,
Ao(GLgy(Z,)) = {1} £ &N 5.
Definition 3.5. S7(p)(p € V,) ZEFE3 1 (1) D@D E L, v 2 QDFERET L. fHlfy, : Qf — C* (T
XL, R2ED5:

Zusien) = [ n(Qv)dgsw)((g (ol

Proposition 3.6. ([FJ93, Theorem 4.1], [AG94, Section 1.1]) w 23 Shalika ffllZ > L 9 5. S 2 FE M
DETHBRESGLTS. HFoveSITHL, g, €V, ZED, 05 = Quespp EK. TDEE, RZ0i7TT
£97% QO(S) € Vs WIHEL, B x : Q\AX — C* ITR L, ALY ViD:

Z(s,0.X) = L9(s, 1@ 0) [ [ Zu(s, 90, x0), (0= s @ 019).

veS
Remark 3.7. (i) [FJ93] TIZ, [PSR8S8, page 117, Basic Lemma] & [FIFRIZ, zeta B3 D> & JafliHy I
LIRF2I0 4 2 Lick D, JHFT Shalika BARIDEMEED 1 TH %70 & ) dr 2 ik 312,
3.6 ZH ATV, 1
(i) ([AG94, Lemma 1.7]) m %% (Unr), (Sha) %7z $H, m, = IndGozy 42K, 2DLE, v # v,
(n+1<Vi,j <2n) (eg. w73 (0rd) Ziii7= 9 & F) 61X, S (r,) DEMELIX 1.
(iii) ([JR96], [Ni09]) n, = 77 & 7% 2 5HR 7, DHAAET B, SP(7,) DEEELI 1.
3.2. Choice of vector. 7 &, (Coh), (Unr), (Sha), (Ord) Zii7zd &3 5.
Definition 3.8. ¢ = ®/p, € V; ZXTED 5:
(i) vipoo DEE, Z,(s,,1) = L(s,m,) %5 X HITL D, (i 3.6)
(ii) 7, = ndGo2y LT 2. ZDLE ¢, =F,:G(Q,) - CEZXTED5:

) 0 1
52v(b), gewa,beB,w:( ),
Fy(m{B() TpbeBuy=(

0, otherwise.

(i) v = 00 D E F, o € (a(X); X € N1 (g/8), a € Hompgs (A" (g/8), Ve ))o C Vi T,
Zo(3,0,1) #0 & &£ 5. ((GRG14, Theorem 6.6.2] ([Su, Theorem 1.7]))

Proposition 3.9.
(i) ([AG94, Proposition 1.4]) XD H, WXL, Hy,, € ST (m,), 2*2 Hy, (12,) # 0:

n

.. 1 1, n2 1, A -
i) (acot, ) A=) ) =" [ 3 Flo (" )=t <
1= mod p
ZTAeM,Z) X, M,(Z/pZ) DRFEZ%ZES.
4. SKETCH OF PROOF OF MAIN THEOREM

4.1. Recipe of Measure. ¢ € Zo,, f == p° & L,
o ={(*,,) € HAN et € QResle 4 12)20" | (e 7). Cop = ZWHQNCE,
L5 AeM(Z) KR LT, HPZ(A f),k BRTED 2
PZ(A,f) = /MW((Q1 92> (1” A{n1>)n_1(92)d91d927 K=p "\

C



Definition 4.1. a € Z), f = p(e > 1) N L, pla+ fZ,) = v~ *PZ(diag(a, 1,...,1),f) EHED 5.
Proposition 4.2. (Birch Lemma) A = diag(a,1,...,1) £ E<{. TDEF,

> w@rzan =z (" ) e

a€(2)f2)* "

Remark 4.3. Distribution D 5E#, Birch DffifH, 5l p TOJFFT Shalika BRI D —EME X D, XKD
2: ([AGY4, page 40, (DR)] & ¥, u 1 Distribution ZE® 5.)

o1 (1, f! et (poo) s L 1 1 /1, !
/ X(a)d/L(a’) =K Z(—, f * P, X) =K L(p )(_77T>Zoo<_7 Poos 1)Zp<_7 f ' HFy’ Xp)
2 2 L, 2 2 2 L,

4.2. Proof of Theorem 2.1. XDfiEZ R IXE:

Proposition 4.4.
(i) (Distribution property)([AG94, page 40, (DR)]) p(a + fZ,) = Z pla+af +pfZ,).

a mod p

(L [
1

1
(ii) (Interpolation property) Zp(§7 -Hp,, xp) = Cpp X L(§, T, @ Xp) X E(mp, Xp)-

(iii) (Boundedness) i % fAEE E OEEBIR Op &, IEFDEFRL Q(7) DFAEL T, a 13, Op©@z Z
fili & FAE 5.
Proof. (i): XDERE Y, Hph s ([AGH, Lemma 2.1]): APZ(A, f)=p > PZ(A+ fX pf).

X mod p

(ii): [AG94, Section 2.2, 2.3] T “HEGFIHE" 2352560 Tw5
(iii) ([AG94, Section 5.3]). {|,u(a—|— pr)|p}a€Zg’621 (f = p°) 75 fHRTHH I EE2REITR V. L%

GL1,(Q) DBl 2 v 327 F RERIRET, @ 134 L-AE, L, = GLyn(Z,) 52, M A HRES v # p Ik
L L d b= a v afrin L T5. g0 c GA) %, g — 15, (v £p), g — (1" A{_l) (A=
diag(a,1,...,1)) £ L, '

m: G(A) = So(L) == G(Q\G(A)/KSLL, M(L,e) :=n(Cf ;9')

LE D, Eichler-BHEGRIZE 5 o @ HY - 1(Sg(L), C) (=2 HV (g, K2, Vi)¥) TOB,E a, 04
K=K NnHR) B L, X%2R5:

81’L2

ot 12,) = " PEAL) = 3o p ol g L) T HADKS) - [ a
A A M(L,e)
772U, dv (3N H(Ay) x KE OWEE. (Ord) & b, A& p#EHEL £ 7% [AGI4, page 59, Claim]
b, {|pe"2vol(d1/, JOL(gO) A H(Af)K£)|p}aEZX @AY “homology HEOHMVERIE" XV,
Wi 0o}, SFF SHED, p O SRR 12 O
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