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3 p-adic L-functions for totally real number fields (Nuccio)
3.1 Preliminary references

[CS06], [Hid93], [Iwa72], [Was97]

[CS06] is the book which contains a very nice treatment of classical Iwasawa Main Conjec-
ture stated in the modern language of measures and pseudo-measures. They are first briefly
discussed in the introduction and taken up again in Chapter 3. The main limitation is that
only the number field F' = Q is discussed.

Chapter 3 of [Hid93] contains virtually everything about p-adic L-functions for F' = Q but
it is very concise and cannot be read independently of the rest of the book.

The small and nice book [Iwa72| presents Iwasawa’s construction of the p-adic L function
for F' = Q as inverse limit of Stickelberger elements.

[Was97] is the “classical” book on Iwasawa theory for cyclotomic fields. It contains the
construction of p-adic L-functions given by Kubota and Leopoldt as limit of Stickelberger
elements (not discussed in my talk) in Chapter 7 (Theorem 7.10) and a treatment of measures
on Galois groups in Chapter 12 (the relation with Theorem 7.10 is Theorem 12.2). Only

F = Q is discussed and the language of pseudo-measures is not introduced.

3.2 Measures and pseudo-measures on Galois groups

[CoaT7], [Ser78], [MazSwD74]

The seminal paper [Coa77] contains a generalization for arbitrary real number fields of Iwa-
sawa’s approach of defining the p-adic L-function as being an inverse limit of Stickelberger
elements. This approach led Coates to axiomatize the strategy and he proposed some congru-
ences whose validity implies the existence of p-adic L functions for arbitrary fields; these are
the congruence proven both by Deligne-Ribet, Cassou-Nogues and Barsky. They are labelled
as Hypothesis H,, in 2.3 and as Hypothesis D(p) in 4.2.

The language is not yet that of measures (or pseudo-measures): rather, everything is stated
in terms of power series in O[[T]] where O is the ring of integers of a suitable extension of Q,.
The main result about p-adic L-functions is Theorem 4.2.

[Ser78]: a wonderful paper. Although being only five pages long, it introduces an extremely
self-contained and clear manner in the topics. It is the main reference for the language of
pseudo-measures but it may be the best reference to grasp the idea behind p-adic L-functions
for totally real number fields.

The paper [MazSwD74] contains a generalized treatment of measures on Galois groups



suited for applications to Iwasawa theory. The paper concerns an Iwasawa-theoretic approach
to the arithmetic of elliptic curves, and only Section 7 discusses measures. It is well-written,

extremely readable and independent of the rest of the paper.

3.3 Deligne-Ribet Construction

[DR&0], [Kat78], [Rap78], [Ser73], [Venl0]

[DRS0] is, of course, the basic paper. Sometimes it is very concise, it depends heavily on
Katz’ paper about p-adic L-functions for CM fields quoted below (especially for the construc-
tion of higher-dimensional analogues of the Tate curve), Coates’ paper connecting congruences
to p-adic L-functions and Rapoport’s thesis quoted below for main geometric properties of the
moduli space.

The paper [Kat78] contains the basic discussion about Hilbert-Blumenthal Abelian Varieties
and their moduli spaces. Only Section 1 is crucial for reading Deligne-Ribet’s paper, especially
sections 1.1 (HBAV equivalent of Tate elliptic curve) and 1.7 (the complex theory). Sections
1.2 and 1.9 treat, respectively, classical and p-adic Hilbert modular forms but are also discussed
in some detail in Deligne-Ribet’s paper.

[Rap78] is the paper where the main geometric properties of the moduli space of HBAV are
discussed. Although being very well-written, it is technical and needs to provide (sometimes
without proof) results of rigid-analytic nature. Modular forms are discussed in the last section,
but again Deligne-Ribet is a better place to read them (if one cares only about p-adic L-
functions) because there are notational discrepancies.

The long paper [Ser73| is where the strategy finally adapted by Deligne-Ribet is proposed.
It clearly shows the limit of working with p-adic modular forms in a naive sense, and suggests
that p-adic Hilbert modular forms be defined. Section 5 discusses many properties of p-
adic (-functions for general F' and can be instructive to read this before going to the much
more technical paper of Deligne-Ribet who consider all L-functions, not restricting to trivial
characters.

[Venl0] is a well-written summary on Deligne-Ribet construction (Section 2) as well as
Siegel’s proof of the rationality of L-values (Section 1). It explains how Deligne-Ribet’s result
implies the existence of a p-adic L-function seen as a pseudo-measure in detail and provides
hints for the proofs. It lacks a reference to the construction of Tate abelian varieties (to be

found in Katz’ paper on CM fields quoted above).

3.4 Cassou-Nogues and Barsky Construction

[CNT79], [Bar78], [Colm88], [Kat81], [Neu92], [Shin76]

The paper [CNT79] is entirely self contained and shows how Shintani’s method can be used

to prove Coates’ congruences. Little connection, if any, with Galois groups and Iwasawa



theory is discussed. Sections 1 to 3 are entirely complex: an explicit formula for values at
negative integers of the meromorphic continuation of twisted partial zeta functions is proven
via Shintani’s method. Section 4 contains connection with the p-adic theory. In an appendix
the author briefly discusses connection with measures. It should be noted that the language
is that of partial ¢ function rather that L functions attached to finite-order characters of
the Galois group: it makes little difference, as the first can be interpreted as the L-function
attached the characteristic function of some open subgroup.

The paper [Bar78] is very similar to Cassou-Nogues’ one, and differs from that in the final
part where a p-adic Cauchy formula is discussed, again using Shintani’s method.

Although the first aim of the paper [Colm88] is to study the residue at s = 1 of the p-adic
¢ function, the author recalls Cassou-Nogues’ construction in much detail. The result is most
probably better than the original paper by Cassou-Nogues. The small disadvantage is that
the paper, although being self-contained, needs to be read as a whole to follow notations and
constructions. Section 5 computes the residue and can be ignored if one is only interested in
constructing the p-adic (-function. As in Cassou-Nogues paper only partial {-functions are
discussed, but the language of measures is fully exploited, especially in Section 4.

The very short paper [Kat81] gives, as its title says, a new perspective on why Shintani’s
method is suited for constructing p-adic {-functions. It provides a geometric interpretation in
terms of measures on tori of the very analytic construction given in Cassou-Nogues and has a
nice introduction. Section 5 asks in an informal way for a connection between Deligne-Ribet’s
and Cassou-Nogues’ and Barsky’s approach.

Section 9 of Chapter 7 of [Neu92] discusses in full detail Shintani’s method for proving
rationality of negative values of complex (-functions of totally real number fields. It is more
structured than Shintani’s paper below and can be easier to read. There is no connection with
the p-adic theory, but it can be instructive to give a look at the classical construction before
looking for generalizations as in Colmez’ paper.

[Shin76] is the paper where an explicit domain for the action of totally positive units on
totally positive elements of a totally real number field is described. Although being historically
relevant and the original source, Neukirch’s presentation (or Katz’) may be better-suited for

the modern reader.
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